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Fixed-Priority Preemptive Scheduling 

1.  Prior to execution: fix static priorities of tasks 
2.  During execution:  

always schedule highest-priority ready task 
 

computer science

saarland
universityRate-Monotonic (RM) Scheduling

(Liu and Layland, 1973)
Priority Definition: A task with a smaller period has higher priority, in
which ties are broken arbitrarily.

Example Schedule: ⌧
1

= (1, 6, 6), ⌧
2

= (2, 8, 8), ⌧
3

= (4, 12, 12).
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Convention: smaller index ó higher priority 
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A Standard Recurrent Task Model 

Tasks are characterized by 3 parameters: 
1.  Ci, (a bound on) its worst-case execution time, 
2.  Ti, its period, 
3.  Di, its relative deadline, with Di ≤ Ti. 

Ti Ti 

... 

Di Di 

Ci Ci 
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Timing Analysis for  
Fixed-Priority Preemptive Scheduling 

Traditional division of work: 
1.  Worst-case Execution Time (WCET) Analysis 

determines bounds on the execution time of a task 
when run in isolation 

2.  Response-time Analysis 
determines bounds on tasks’ response times given 
WCET bounds, accounting for interference due to 
scheduling decisions 

 

Response time of T2 = finishing time – release time 

10 2 3 4 5 6 7 8

T1 

T2 
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Response-Time Analysis for  
Fixed-Priority Scheduling in a Nutshell 

The time-demand function Wi(t) of task τi is defined 
as follows: 

computer science
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universityRecap: Rate-Monotonic Schedulability Condition

The time-demand function Wi(t) of the task ⌧i is defined as follows:

Wi(t) = Ci +
i�1X

j=1

⇠
t
Tj

⇡
Cj .

Theorem
A system T of periodic, independent, preemptable tasks is
schedulable on one processor by algorithm A if it holds that:

8⌧i 2 T 9t with 0 < t  Di and Wi(t)  t

This condition is also necessary for synchronous, periodic task sets
and also sporadic task sets.

Note that this holds for implicit-deadline and constrained-deadline task
sets.
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WCET of task τi  WCET of task τj  
Sum over 
interference from 
higher-priority tasks 

Theorem (Fixed-priority schedulability): 
A system T of periodic tasks is schedulable on one processor 
by fixed-priority preemptive scheduling if it holds that: 
 
 ∀τ i ∈ T :∃t, 0 < t ≤ Di :Wi (t) ≤ t

How often can task τj 
be released in an 
interval of length t? 
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Response-Time Analysis for  
Fixed-Priority Scheduling in a Nutshell 

Want to determine whether there is a t, s.t. Wi(t) ≤ t ≤ Di. 
 
Compute smallest such t (if there is any) by fixed-point iteration: 
 
 
 
 
 
 
A set of tasks is schedulable if Ri

n < Di for every task i.   
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Want to determine whether there is a t such that Wi(t)  t  Di .

Compute smallest such t (if there is any) by fixed-point iteration:
n := 0
R0

i := Ci
do

n := n + 1

Rn
i := Ci +

i�1X

j=1

&
Rn�1

i
Tj

'
Cj

while Rn
i < Di and Rn�1

i < Rn
i

A set of tasks is schedulable if Rn
i < Di for every task i .
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Unrealistic Assumptions of the  
Response-time Analysis 

1.  Context switches are free 
2.  Tasks execution times are not affected by 

preemptions 

 

10 2 3 4

T1 

T2 
Context switch: 
-  HW needs to flush pipeline 
-  Scheduler needs to invoke next task 
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Unrealistic Assumptions of the  
Response-time Analysis 

1.  Context switches are free 
2.  Tasks execution times are not affected by 

preemptions 
 10 2 3 4

T1 

T2 

1.  Preempting task T1 evicts some of T2’s cache contents 
2.  Preempted task T2 suffers additional cache misses 

Overhead 
referred to as 
Cache-Related 
Preemption 
Delay (CRPD) 

Preempting Task: 

Preempted Task: 
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How to Account for Preemption Overheads 

Alternatives: 
1.  Incorporate all possible overheads in  

WCET bound 
l  Would have to assume cache misses on every 

memory access à extremely pessimistic 
2.  Extend interface between WCET and 

Response-time Analysis 
l  Capture memory-access behavior of tasks to 

bound CRPD during reponse-time analysis 
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How to Characterize Memory-access 
Behavior of Tasks? 

10 2 3 4

T1 

T2 

Preempting Task: 

Preempted Task: 

Approach 1: Consider preempted task 

Number of useful cache blocks (UCBs)? 
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How to Characterize Memory-access 
Behavior of Tasks? 

10 2 3 4

T1 

T2 

Preempting Task: 

Preempted Task: 

Approach 2: Consider preempting task 

Number of evicting cache blocks (ECBs)? 
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How to Characterize Memory-access 
Behavior of Tasks? 

10 2 3 4

T1 

T2 

Preempting Task: 

Preempted Task: 

Approach 3: Combine both using Resilience 

Set of useful cache blocks 
and their resilience? 

Set of evicting 
cache blocks? 



13 

Approach 1: 
Analysis of the Preempted Task 

computer science
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universityAnalysis of the Preempted Task:

Useful Cache Blocks (UCB)

Definition (Useful Cache Block, [Lee et al., 1996])
A memory block m at program point P is called a useful cache block, if

a) m may be cached at P
b) m may be reused at program point Q that may be reached from P

with no eviction of m on this path.

P

Cache State:
[A, B, C, D]

A B D C B A C

= hit
= miss

UCB ◆ {A, B, C, D}
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Definition (Useful cache block, Lee et al. 1996): 
A memory block m at program point P is called a useful cache block, if 
1.  m may be cached at P, and 
2.  m may be reused at program point Q that may be reached from P 

with no eviction of m on this path. 

⊆
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Approach 1: 
Analysis of the Preempted Task 
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Useful Cache Blocks (UCB)
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Definition (Useful cache block, Lee et al. 1996): 
A memory block m at program point P is called a useful cache block, if 
1.  m may be cached at P, and 
2.  m may be reused at program point Q that may be reached from 

P with no eviction of m on this path. 

⊆
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Useful Cache Blocks (UCB)

Definition (Useful Cache Block, [Lee et al., 1996])
A memory block m at program point P is called a useful cache block, if

a) m may be cached at P
b) m may be reused at program point Q that may be reached from P

with no eviction of m on this path.

P

Cache State:
[A, B, C, D]

A B D C B A C

= hit
= miss

UCB = {A, B, C}
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Useful Cache Block (UCB) Analysis 

What may be cached?

What may be reused?

Forward May-Analysis!

Backward May-Analysis!

minimal distance 

≤ associativity?

Minimal distance to reuse

Program point P
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What may be cached?

What may be reused?

Forward May-Analysis!

Backward May-Analysis!

Minimal age

Minimal distance to reuse

P

Useful Cache Block (UCB) Analysis 
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Bounding the CRPD using UCBs for  
Fully-associative Caches 

¢  CRPD bound at program point P: 
 
 
where BRT is the “block reload time”. 

 

¢  CRPD bound independent of program point: 

 
For set-associative caches:  

 sum up bounds for all cache sets 

CRPDLRU
UCB (P) = BRT ⋅min(UCB(P) ,associativity)

CRPDLRU
UCB =maxP CRPDLRU

UCB (P)
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Approach 2: 
Analysis of the Preempting Task 

Definition (Evicting cache block, Tomiyama and Dutt 2000): 
A memory block of the preempting task is called an evicting cache block, 
if it may be accessed during the execution of the preempting task. 

computer science
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universityAnalysis of the Preempting Task:

Evicting Cache Blocks

Definition (Evicting Cache Blocks (ECB),
[Tomiyama and Dutt, 2000])
A memory block of the preempting task is called an evicting cache
block, if it may be accessed during the execution of the preempting
task.

A B C B A C

Cache State:
[A, B, C, D]

Cache State:
[X , Y , Z , D]

X Y Z

= additional miss due to preemption (CRPD)
= hit
= miss

CRPDLRU
ECB

?
= BRT · min(|ECB|, k)

k = associativity
BRT = Block Reload Time

Jan Reineke Cache-Related Preemption Delay July 30, 2015 17 / 44

CRPDLRU
ECB =BRT ⋅min( ECB ,k)

? No! 
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0x08

0x09

0x0a

0x0b

[b, a, 9, 8] 8 [8, b, a, 9] 9 [9, 8, b, a] a
[a, 9, 8, b] b [b, a, 9, 8] 0 misses

[e, b, a, 9] 8⇤
[8, e, b, a] 9⇤

[9, 8, e, b] a⇤
[a, 9, 8, e] b⇤

[b, a, 9, 8] 4 misses

ECBs
= {e}

|UCB| = 4
|ECB| = 1
k = associativity = 4
number of additional misses = 4
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CRPD Computation for LRU using ECBs 
Pitfall 
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0x08

0x09

0x0a

0x0b

[b, a, 9, 8] 8 [8, b, a, 9] 9 [9, 8, b, a] a
[a, 9, 8, b] b [b, a, 9, 8] 0 misses

[e, b, a, 9] 8⇤
[8, e, b, a] 9⇤

[9, 8, e, b] a⇤
[a, 9, 8, e] b⇤

[b, a, 9, 8] 4 misses

ECBs
= {e}

|UCB| = 4
|ECB| = 1
k = associativity = 4
number of additional misses = 4
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|UCB| = 4 
|ECB| = 1 
associativity = 4 
number of additional misses = 4 
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CRPD Computation for LRU using ECBs 
Sound but Imprecise 

¢  ECB analysis only to determine whether the 
set if used at all by the preempting task or not: 
 
 
 
 
Cannot do better without knowledge of 
preempted task. 

CRPDLRU
ECB =

0 ECB =∅
BRT ⋅ k otherwise

⎧
⎨
⎩
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Approach 3: Analysis of the Preempted 
and the Preempting Task computer science

saarland
universityAnalysis of Preempted and Preempting Task:

“Deeper” Combination

0x08

0x09

0x0a

Without preemption:

[a, 9, 8, 7] 8 [8, a, 9, 7] 9 [9, 8, a, 7] a
[a, 9, 8, 7] 0 misses

With preemption:

[e, a, 9, 8] 8 [8, e, b, a] 9 [9, 8, e, b] a
[a, 9, 8, e] 0 misses

ECBs
= {e}

Some of the UCBs are guaranteed to remain useful under preemption!

CRPDUCB&ECB = min(CRPDUCB, CRPDECB) = min(3, 4) = 3
Yet: actual number of additional misses: 0

Minimal number of ECBs to evict a UCB is 2, but |ECB| = 1
A single ECB is not sufficient to evict any of the UCBs.
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Some of the UCBs are guaranteed to remain useful under preemption! 
 
Why? 
•  Minimal number of ECBs to evict a UCB is 2, but |ECB| = 1. 
•  A single ECB is not sufficient to evict any of the UCBs. 
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Combining UCBs and ECBs: 
Notion of Resilience 

For a given block m determine the maximum 
number of ECBs that it will “survive”: 

computer science
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universityCombining UCB and ECB:

Notion of Resilience

Determining the maximal number of ECBs, such that no additional
cache miss may occur:

m 2 UCB
m is

4-resilient

m
a1
a2
a3

m

[m,�,�,�,�,�,�,�]

[a3, a2, a1, m,�,�,�,�]

[m, a3, a2, a1,�,�,�,�]
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Definition of Resilience 

Definition (Resilience): 
A memory block m is called l-resilient at program point P, if all possible 
next accesses to m 
•  that would be hits without preemption, 
•  would still be hits in case of a preemption at P with l accesses. 

computer science
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Definition (Resilience)

A memory block m is called l -resilient at program point P,
if all possible next accesses to m

that would be hits without preemption,
would still be hits in case of a preemption at P with l accesses.

preempted task

m 2 UCB
m is

4-resilient

m
a1
a2

a3

m

[m,�,�,�,�,�,�,�]

[a3, e4, e3, e2, e1, a2, a1, m]

[m, a3, e4, e3, e2, e1, a2, a1]

preempting task

ECB = {e1, e2, e3, e4}
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Bounding the CRPD using Resilience 

computer science
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universityBounding the CRPD using Resilience

CRPD (Combining UCB and ECB by using Resilience)

CRPD  BRT ⇥ |
blocks contributing to CRPDz }| {

UCB| {z }
useful

\ {m | m is |ECB|-resilient}| {z }
remain useful

|
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Can exclude all useful cache blocks from the CRPD 
bound that are guaranteed to survive the preemption:  
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Bounding the CRPD using Resilience 
Example 

¢  |ECB| = 1 
¢  a, b, and c are 1-resilient 
¢  CRPD = BRT*|UCB \ {m | m is |ECB|-resilient}| 

      = BRT*|{a,b,c} \ {a,b,c}| 
      = 0 

computer science
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universityBounding the CRPD using Resilience:

Example

0x0a

0x0b

0x0c

[c, b, a, x ] a
[a, c, b, x ] b [b, a, c, x ] c

[c, b, a, x ] no misses

[e, c, b, a] a
[a, e, c, b] b [b, a, e, c] c

[c, b, a, e] no misses

ECBs
= {e}

I |ECB| = 1
I a, b, and c are 1-resilient
I CRPDres

UCB&ECB = BRT ⇥ |UCB \ {m | m is |ECB|-resilient}| = 0

Instead of: CRPDUCB&ECB = min(CRPDUCB, CRPDECB) = 3 ⇥ BRT
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How to Incorporate CRPD Bounds in 
Response-time Analysis? 

¢  Have so far seen how to bound CRPD for a 
single preemption. 

¢  Reminder: 

The time-demand function Wi(t) of task τi is defined 
as follows: 

computer science

saarland
universityRecap: Rate-Monotonic Schedulability Condition

The time-demand function Wi(t) of the task ⌧i is defined as follows:

Wi(t) = Ci +
i�1X

j=1

⇠
t
Tj

⇡
Cj .

Theorem
A system T of periodic, independent, preemptable tasks is
schedulable on one processor by algorithm A if it holds that:

8⌧i 2 T 9t with 0 < t  Di and Wi(t)  t

This condition is also necessary for synchronous, periodic task sets
and also sporadic task sets.

Note that this holds for implicit-deadline and constrained-deadline task
sets.
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WCET of task τi  WCET of task τj  

How often can task τj 
be released in an 
interval of length t? 

Sum over 
interference from 
higher-priority tasks 
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computer science
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universityHow to incorporate CRPD?

Introduce additional term �i,j in the time-demand function:

Wi(t) = Ci +
i�1X

j=1

⇠
t
Tj

⇡
(Cj + �i,j).

Fixed-point iteration can be appropriately adapted.

What is the meaning of �i,j?

Which value should it take?
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How to Incorporate CRPD Bounds in 
Response-time Analysis? 

Introduce additional term γi,j in the  
time-demand function: 
 
 
 
Fixed-point iteration can be appropriately adapted. 
 

Questions: 
1.  What is the meaning of γi,j? 
2.  Which value should it take? 

Used to bound 
the CRPD 
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Interpretation of γi,j 

Without nested preemptions: 
 γi,j = CRPD due to one preemption of task i by task j 
 
But what if there are nested preemptions? 

Task ⌧j

Task ⌧i
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First Interpretation of γi,j: 
“Effect of Preempting Task” 

Under this interpretation, γi,j needs to bound the effect 
of j’s execution on all tasks of lower priority up to task i. 

Task ⌧j

Task ⌧i
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First Interpretation of γi,j: 
“Effect of Preempting Task” 

For direct-mapped caches there are three such approaches: 
1.  “ECB-Only”: 
2.  “UCB-Union”:  
3.  Combination of the above: 

Task ⌧j

Task ⌧i

γ i, j = BRT ⋅ ECBj

γ i, j = BRT ⋅ UCBkk∈aff (i, j )∪

γ i, j = BRT ⋅ UCBk ECBj∩k∈aff (i, j )∪

Tasks 
in 

aff(i,j) 
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Second Interpretation of γi,j: 
“Effect on Immediately Preempted Task” 

Under this interpretation, γi,j needs to bound the effect of 
j’s execution and that of the execution of tasks preempting 
j itself on the task that j immediately preempted. 

Task ⌧j

Task ⌧i
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Second Interpretation of γi,j: 
“Effect on Immediately Preempted Task” 

For direct-mapped caches there are three such approaches: 
1.  “UCB-Only”: 
2.  “ECB-Union”: 
3.  Combination of the above: 

Task ⌧j

Task ⌧i

γ i, j = BRT ⋅maxk∈aff (i, j ) UCBk
γ i, j = BRT ⋅ ECBhh∈hp( j )∪{ j}∪

γ i, j = BRT ⋅maxk∈aff (i, j ) UCBk∩ ECBhh∈hp( j )∪{ j}∪

∈ aff (i, j )

h∈hp( j )∪{ j}
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Summary – Preemptive Scheduling 

¢  Preemptive scheduling is desirable, but not free 
due to shared resources, in particular caches: 
à Need to bound the CRPD 
à Requires extension of interface between WCET 

analysis and response-time analysis 
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Multi-Core Timing Analysis 

Execution time depends strongly on execution 
context due to interference on shared resources 

computer science

saarland
universityWhat does the execution time depend on?

1 The input, determining which path is taken through the program.
2 The state of the hardware platform:

I Due to caches, pipelines, speculation, etc.
3 Interferences from the environment:

I External interferences as seen from the analyzed task on shared
busses, caches, memory.

Complex 
CPU

L1 
Cache

Complex 
CPU

L1 
Cache

...
L2 

Cache
Main

Memory

Jan Reineke Timing Analysis and Timing Predictability 11. Februar 2013 6 / 38
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“Standard Approach” for Timing Analysis 

Two-phase approach: 
1.  Determine WCET (worst-case execution time) 

bounds for each task on platform 
2.  Perform response-time analysis 

Simple interface between WCET analysis and 
response-time analysis: WCET bounds 
 

Still adequate in case of multi cores? 
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Four Approaches to Timing Analysis for 
Multi- and Many-Cores 

Precision 

Complexity 

2. Integrated 

1. Murphy 

4. Compositional 
3. Temporal Isolation 
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1. Murphy Approach 

Maintain standard two-phase approach: 
1.  Determine context-independent WCET bound 
2.  Perform response-time analysis 
 
 Radojkovic et al. (ACM TACO, 2012) on Intel Atom 

and Intel Core 2 Quad: 
 up to 14x slow-down due to interference 
 on shared L2 cache and memory controller 

 
à Results will be extremely pessimistic 
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2. Integrated Analysis Approach 

Analyze entire task set at once in a combined 
WCET and response-time analysis 
 
à Infeasible even for the analysis of two           

 co-running tasks 
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Four Approaches to Timing Analysis for 
Multi- and Many-Cores 

Precision 

Complexity 

2. Integrated 

1. Murphy 

4. Compositional 
3. Temporal Isolation 
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3. Isolation Approach 

Isolate tasks running on different cores by 
partitioning shared resources in 
¢  space: caches, DRAM banks, and 
¢  time: bus, network-on-chip. 

Seemingly re-enables “single-core interface” 
between WCET and schedulability analysis. 
 
Problem solved? 
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3. Isolation Approach 

Challenge:  
Determine partitioning of resources that ensures 
schedulability. 
 
Approach: 
Partitioning-aware WCET bound: 

Mapping from partitioning parameters to   
WCET bounds [Reineke/Doerfert, RTAS 2014] 

  
 
 

Open problem:  
What is a good “partitioning-aware” scheduling policy? 
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4. Compositional Approach 

1. “WCET Analysis”/“Low-level Analysis”: for each task: 
a)  Compute WCET bound assuming no interference 
b)  Compute maximal interference generated by task on 

each shared resource 
 
2. Perform extended response-time analysis 
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4. Compositional Approach: 
Response-time Analysis 

computer science
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universityWhat does the execution time depend on?

1 The input, determining which path is taken through the program.
2 The state of the hardware platform:

I Due to caches, pipelines, speculation, etc.
3 Interferences from the environment:

I External interferences as seen from the analyzed task on shared
busses, caches, memory.

Complex 
CPU

L1 
Cache

Complex 
CPU

L1 
Cache

...
L2 

Cache
Main

Memory
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Response time of a task =  

        Execution time in isolation 
    + Interference on its Core 
    + Interference on Caches 
    + Interference on Bus 
    + Interference on Memory 

Corresponds to „regular“ 
response-time analysis: 
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4. Compositional Approach 
Challenges 

What are good interference characterizations? 
à  Want precision and analysis efficiency 
 

Approaches usually rely on timing compositionality. 
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Timing Compositionality: By Example computer science

saarland
universityMulti-Core Processors [Schranzhofer et al.]

Response Time of Task on Core 1

Core 1exec

max

1 Core 2 Core 3 Core 4

Shared Memoryµmax

1 · a

Shared BusB

1 Worst-case execution time without bus accesses: exec

max

1

2 Number of bus accesses in the worst case: µmax

1

3 Worst-case bus blocking time: B (depends on exec

max

i

and µmax

i

)

) R1  exec

max

1 + µmax

1 · a + B

Jan Reineke Timing Compositionality AVACS meets InvasIC 10 / 20

Timing Compositionality =  
Ability to simply sum up timing contributions by different components 

Implicitly or explicitly assumed by (almost) all approaches to timing 
analysis for multi cores and cache-related preemption delays (CRPD). 
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Conclusions 

Multicores require rethinking interfaces between 
WCET analysis and response-time analysis 

Promising Approaches: 
¢  Temporal isolation: 

l  Smart partitioning of resources required 
¢  Compositional analysis: 

l  Timing-compositionality assumption 
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